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w 1. L a s e r  breakdown in a liquid is accompanied  by the fo rmat ion  of a pulsat ing vapor  - g a s  bubble in the 
breakdown zone. The behavior  of the bubble pulsat ions has been studied in adequate detail  exper imenta l ly .  
Buzukov and o thers  [1] have published the r e su l t s  of a h igh-speed  mot ion-p ic tu re  study of a v a p o r - g a s  void in 
the focal  region f r o m  the instant of fo rmat ion  to a t ime  cor responding  to t e rmina t ion  of the second pulsation. 
The r epo r t ed  exper imenta l  data indicate a ce r t a in  complex i ty  in the overa l l  behavior  of the void. 

On the other  hand, ce r t a in  physical  phenomena attending the col lapse  of a 'vo id  depend signif icant ly upon 
the conditions exist ing during col lapse .  The p r i m a r y  cons idera t ions  he re  a r e  l a s e r  sonoluminescence  [2],which 
a r i s e s  in the f inal  s tage of c o m p r e s s i o n  of a bubble in the breakdown zone, as well  as shock waves propagat ing  
in the liquid away f r o m  the focal  region.  The pulsat ion per iod and the values  of var ious  p a r a m e t e r s  of the 
v a p o r - g a s  void (p re s su res  and t e m p e r a t u r e s  during collapse)  a r e  es t imated  theore t ica l ly  in most  cases  on the 
bas i s  of an analys is  of the spher i ca l ly  s y m m e t r i c a l  p roblem.  T h i s  approach  is ful ly just i f ied in calcula t ions  of 
powerful  explosive  p r o c e s s e s  in a liquid, where  the sou rce  effect ively has point s ize  r e l a t ive  to the d imensions  
of the zone of outrushing mat te r .  The vapor  - g a s  void fo rmed  in the ca se  of l a s e r  breakdown has at the instant 
of conception quite an elongated configuration,  which s ignif icant ly  affects  its subsequent growth and pulsation. 
Spherical  s y m m e t r y  can no longer be p re sumed ,  because  the void has the shape of an ell ipsoid of revolut ion 
with different  r a t i o s  between the ma jo r  and minor  axes at different  t imes .  In the theore t ica l  calculat ions it is 
n e c e s s a r y  to invoke methods accounting for  the lack of spher i ca l  s y m m e t r y  of the problem.  

For  the dynamical  ana lys i s  of a vapor  - g a s  void under the s ta ted  conditions during the nascen t  p e r i o d c o r -  
responding  to the f i r s t  pulsat ion it should be  poss ib le  to use  the approach  developed in [3 - 5 ]  in o rde r  to de-  
s c r i b e  the explos ive  expansion of a nonspher ica l  gas cloud. The pr incipal  hypothesis  underlying this approach  

3 

is that the motion of the gas can be  descr ibed  by the re la t ion  x~ = ~ F~k (t) ah (i, k =1, 2, 3), in which xi denotes 
h ~ l  

the coordina tes  of the i - th  gas par t i c le  and ak, i ts  Lagrangian coordinates .  F r o m  the hydrodynamical  equations 
we obtain in this ca se  nine s e c o n d - o r d e r  o rd ina ry  different ia l  equations for  the functions Fik(t). However,  in 
the f a i r ly  s imple  case  of r ad ia l  expansion of a gaseous  spheroid  having the shape of an el l ipsoid of revolut ion 
we a s s u m e  adiabat ic i ty  of the expansion p roc e s s  to obtain two equations in two va r i ab les  (F 1 and F~) c o r r e -  
sponding to the values  of the minor  and ma jo r  axes of the spheroid  at different  t imes .  The equations for  the 
co r respond ing  case  of expansion of a gas cloud in vacuum have a l ready  been solved [5]. The c o u n t e r p r e s s u r e  
of the liquid becomes  essen t i a l  in the calculat ions for  pulsat ions of a v a p o r - g a s  void in a liquid, insofar  as it 
induces pulsat ions and c o m p r e s s i o n  r a t he r  than pure  unbounded expansion. Consequently,  in o rder  to be able 
to apply the equations of the ci ted works  to the ca se  at hand we must  augment those equations to account for  the 
c o u n t e r p r e s s u r e  of the medium.  

w To der ive  the analyt ical  re la t ions  we use  the hydrodynamical  equations 

dp/dt = Op/Ot ~- v0p/0x = - -  p0v/0x, 

dv/dt = Ov/Ot + (vO/0x)v = --(1/p)Op/Ox (2.1) 

and the f i r s t  law of t he rmodynamics  for  a gaseous med ium expanding adiabat ical ly  

dU = (p/p~)dp, p = (2/i)pU, (2.2) 
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where  U is the internal  energy  of the gas per  unit m a s s ,  p is the densi ty  of the gas ,  i is the number  of mole -  
cu la r  degrees  of f r eedom,  and p is the p r e s s u r e .  For  a compa ra t i ve ly  r a r e f i e d  gas  the density and p r e s s u r e  
inside the void depend weakly on the coordinate ,  so that the co r respond ing  dependences can be neglected.  In- 
t roducing the t r ans fo rma t ion  of va r i ab l e s  

x~---Flal, u=F~tt, z=Fsa 8 (Fx=F:),  (2.3) 

we obtain f r o m  (2;1) and (2.2) by ~n~logy with Dyson [41 

p =- ~- ,  U .= ~ ,  q~ = F2Fs. (2.4) 

T h e t r a n s f o r m a t i o n  to the new coordina tes  in the second equation (2.1) is m o r e  compl ica ted  th~n in the 
ea se s  t r ea t ed  in [4, 5]. The der iva t ive  of the p r e s s u r e  with r e s p e c t  to the coordinate  at the boundary of the 
sphero id  is not as t r iv ia l  a function of the coordinate  norma]  to the su r f ace  of the sphero id  as  in the main gas 
in ter ior .  In t rans i t ion  f r o m t h e  gaseous  to the liquid med ium the densi ty  and p r e s s u r e  change abrupt ly  (but not 
so for  the velocity),  whereupon the der iva t ive  of the p r e s s u r e  along the n o r m a l  to the su r face  behaves  as ad e l t a  
function. With this fac t  in milui we  d i sce rn  the boundary  value of the der iva t ive  of the p r e s s u r e :  

dxddt = --(llp)Opl~z, - -  (ilp)(OplOz~)o. (2.5) 

The p r e s e n c e  of the boundary will n e c e s s a r i l y  have a s ignif icant  effect  on the behavior  of the functions 
Fi,  because  they de te rmine  the ve loc i ty  and total  r ange  of expansion of the gas ,  and it is quite obvious that the 
intrusion ef the boundary  with the liquid will cause  the unbounded expansion p r o c e s s  to be rep laced  by  a f ini te  
pulsat ing motion. To obtain the equations for  Fi we wr i te  (2.5) in the f o r m  

F ia , ---- --ni( Op/ On)o, (2.6) 

where  n is the unit vec tor  normal  to the sphero id  sur face .  The geome t ry  of the invest igated v a p o r -  gas void is 
such that the level  su r f aces  for  the given functions a r e  desc r ibed  by the re la t ion  

The t r an s fo rm a t i on  (2.3) t akes  the sphero id  into a sphere ,  for  which it is convenient  to introduce polar  
coord ina tes :  

a~=asin0.cos% a2=asinO.sin% aa=acosff. 

Recognizing the fac t  that  al l  the va r i ab l e s  depend only on the r ad ia l  coordinate  a and using the definition 
of the n o r m a l  to a su r face ,  as well  as the normal  de r iva t ive  f r o m  (2.6), we obtain 

Fla sin 0". cos q~ = sin ~. cos q~ [ap~ 

~i~ O.~in ~ { ap~ ~'2a sin ~- sin ~ :-  - -  pF~ ~]0' 

cos ~ {~,~ 
~ , a  cos  ~ = - -  ~ \ ~ / o "  

In these  equations the angular  dependence is comple te ly  sepa ra ted ,  and it is poss ib le  to in tegra te  with r e -  
spect  to the rad ia l  coordinate  f r o m  zero  to the boundary value a 0. Inasmuch  as F 1 = F 2, only two equations a r e  

left: 

p(aD ~(a,) 
"i;' a2 i S d, ~ a 2 O t ~ d p  
- 1 - ~ -  = - -  - f (  --~ , L a "~" = - -  ~ y. 

p(a,--0) p(a,--0) 

The integral  (which we denote by D on the r igh t -hand  sides of the equations cannot be  computed without 
knowing the detailed behavior  of the p r e s s u r e  and densi ty in the boundary  layer .  However,  s ince  p is indepen- 
dent of a and I = p / p  at the boundary on the gas s ide,  a 0 - 0 ,  while at the boundary on the liquid side,  a0, 

n p ~ p 
p : A  p ~ - - B ,  n.-,.,7, I = n - ] - t  Pl Pl' 

it may  be a s sumed  with good accu racy  that 
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I =  - -  p' • p (a~ - -  O) 
p-? ' - - - -5 - - - '  

where  p 1 is the densi ty  in the liquid at the boundary with the gas and p' is the p r e s s u r e ,  which must  be c o r r e c t e d  
for  the inc rement  due to su r face  tension. Using (2.2) and (2.4), we a r r i v e  at the s y s t e m  of equations 

4U 0 2 " p'  F3 = 4Uo 2 p'  
"~'* = ia~Fl~ 21~ a2F1 P l '  ia2F.~ 2/~ aZF, P*" 

Rigorous  co r r ec t i on  for  the su r face  tension in the p r e s s u r e  equation would yield a nonseparab le  angular  
dependence. Inasmuch as we a re  d iscuss ing  pulsat ions of a void of f a i r ly  l a rge  rad ius ,  for  which su r face  
tension incurs only a minor  co r rec t ion ,  we can introduce the la t ter  in an approx imate  fashion by putting p' =pl  + 
(a/ao)(I/FI+I/F3), where  Pl is the p r e s s u r e  in the liquid and a is the coeff icient  of su r face  tension. The de-  
t e rmina t ion  of Pl f r o m  the hydrodynamical  equations for  the liquid poses  fo rmidab le  computat ional  difficult ies.  
The r e s u l t  is not qual i ta t ively  affected if we cons ider  Pl to be  equal to the ave r age  value of the p r e s s u r e  in the 
liquid for  one pulsat ion per iod.  We thus obtain f inal ly  

4U0 2 p, 2a [_i_i i ), 

F 3 =  4U~ 2 Pl 2a { t , t ) 
*4r.  ( F~F,)2/~ a~F. P~ a~oFqp~ iF-7 ~- ~ �9 

(2.7) 

It is c l e a r l y  imposs ib le  to solve these  equations analyt ical ly ,  and instead we proceed  numer ica l ly .  

w We solved Eq. (2.7) numer i ca l ly  on a B]~SM-4 compute r  by the R u n g e - K u t t a  method. We chose  the 
values  for  the p a r a m e t e r s  accord ing  to cons idera t ions  of co r re spondence  with the exper imenta l  conditions of 
[1]. Cer ta in  difficult ies a r i s e  in this se lec t ion p roce s s ,  because  the exper imenta l  data a r e  not such as to pe rmi t  
a c l e a r - c u t  unambiguous se lec t ion  and, in addition, the s y s t e m  (2.7) c l ea r ly  becomes  inapplicable for  descr ib ing  
the p r o c e s s  af ter  a ce r t a in  lapsed "re laxat ion"  t ime  of the o rde r  of a few mic roseconds  following breakdown. 
At the instant of breakdown the genera ted  void grows rapid ly  along the b e a m  to l a rge  dimensions ,  s ince the 
liquid is s t rongly  heated in that  d i rect ion and violent vapor iza t ion  takes  place in the resu l t ing  void. It is not at 
all  c l e a r  whether  we a r e  concerned  with fo rmat ion  of the void at the initial instant f r o m  a l a rge  number  of 
minute  bubbles produced on the b e a m  axis or with an on[rush of gas along the axis away f r o m  the focal  region,  
but it is obvious that e i ther  way the p roce s s  is e x t r e m e l y  nonadiabatic and is accompanied  by vigorous  vapo r i za -  
t ion of liquid f r o m  the wall  into the void. 

The re fo re ,  our  model  is not sui table  for  descr ib ing  the p roce s s  until the void at ta ins  apprec iab le  d imen-  
sions in the axial  direct ion.  Accordingly,  we adopt the following values for  F[ a f te r  an analysis  of mot ion-p ic -  
tu re  f i lms  and data on the dimensions  of the focal  region [1]: 

Fx(0 ) = t.25, F3(0)= 50, i ' , ( 0 )=  0, ?3(0)= 1.5-105sec "1, a 0 = 0.5.t0 -4 m. (3.1) 

Allowance is made here  for  the fact  that the void d i ame te r  is given by twice the value of Fia 0. The value 
of pl can be taken equal to the pu l s a t i on -pe r i o d -ave rage  p r e s s u r e ,  which in turn  is equal to the p r e s s u r e  at 
infinity, i .e. ,  in the given si tuat ion to a tmospher i c  p r e s s u r e .  The densi ty of water  is p l = l  g / c m  3, and its co -  
efficient  of su r face  tension (r is equal to 74 dyn/cm.  To e s t ima te  U 0 we note that ff the gas expanded at the 

�9 4~ .3 
initial instant adiabat ica l ly  f r o m  a focal  region of volume ~ -~ a0 to the volume g ivenby  (3.1), ithen with r e g a r d  
for  the es t imated  initial p r e s s u r e  in [1] its p r e s s u r e  would have to be  the o rde r  of s e v e r a l  a tmosphe res .  On the 
bas i s  of the la t ter  cons idera t ion  and the fact  that the intense vapor iza t ion  at the initial instant makes  the densi ty 
of the gas at that t ime c lose  to the densi ty  of the liquid, we obtain f r o m  the p r e s s u r e  equation v0 ~ ~ 104 m2/sec  2. 
Next we introduce the d imens ion less  t ime  t '  =t/v, where  v =ka 0/c and c =1.5" 103 m/sec  is the veloci ty  of sound; 
we adopt as the ave r age  cha rac t e r i s t i c  void dimension ka 0 a value of ~ 15a 0. 

Equations (2.7), subject  to the initial conditions (3.1), a s s u m e  the d imens ionless  f o r m  

~,, = t 0.01 0.001 ( 1 

F 3  - -  t 0.01 O.OOl/ i t ), 

F,(0) = 1.25, F3(0 ) = 50, ill(0) = 0, F3(0 ) = 0.07. 
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The solution of this sys t em is given in Fig. 1, along with exper imenta l  data obtained on the basis  of 
mot ion-pic ture  f r ames  [1] for  the void dimensions.  Curve 1 cor responds  to twice the value of Fla 0, curve  2 to 
2F3a 0, and the dark and light c i r c l e s  to the exper imenta l  values of the respec t ive  dimensions.  

The calculations disc lose  an interest ing p roper ty  of the void, which is also discernible  in the motion pic tures  
of [1]. Starting f rom a shape grea t ly  elongated along the beam axis and evolving through a spher ica l  shape mid-  
way in the pulsation cycle ,  the void ul t imately compres se s  into an oblate spheroid.  As we mentioned in the 
introductury section, the final compress ion  pb..qe is immensely  valuable in explaining the intensity of the 
ensuing lase r  sonoluminescence.  Thus,  the final compress ion  phase is cha rac t e r i zed  by a d iscus- l ike  void. It 
is in teres t ing to note that the subsequent expansion takes place in both exper iment  and calculat ions in such a 
way as to interchange the f o r m e r  positions of the major  and minor  axes of the ellipsoid. The spheroid is drawn 
out along the beam,  and the growth of the t r an sv e r se  dimensions lags behind the growth of the longitudinal.  Clear ly ,  
at the instant  of compress ion  under the exper imenta l  conditions the p rocess  becomes  strongly nonadiabatic with 
condensation (or vaporization) of the gas on the walls,  and the application of our previous calculat ions to the 
subsequent stages of motion becomes  questionable. However, during the per iod of the f i r s t  pulsation the c o r -  
respondence  between the exper imenta l  and analytical  curves  is reasonably  good, and the analyt ical ly predicted 
interchange of the major  and minor  axes of the spheroid in the compress ion  phase ls v e r y  intriguing f r o m t h e  
standpoint of being able to explain the concomitant luminescence intensity. 

The author is indebted to L P. Golulmichii for  valuable discussions.  
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